INTRODUCTION
The aim of this paper is to study a general notion of G-convergence where Q is a bounded open subset of Rn, 1 p + oo, and 1 /p + 1 /q =1. We assume that the (possibly multivalued) map a: Q x Rn -4 Rn which occurs in (0.1) is measurable on Qx Rn, is maximal monotone on R" for almost every x E SZ, and satisfies suitable coerciveness and boundedness conditions (see Section 2) . The class of all these maps will be denoted by Mn (Rn).
The main examples of maps of the class Mn (Rn) have the form where ~03BE denotes the subdifferential with respect to ç and Q x R" -~ [0, + oo[ is measurable in (x, ~), convex in §, and satisfies the inequalities for suitable constants 0 c 1 _ c2 . In this case the operator (0.1) is the subdifferential of the functional and the notion of G-convergence of the operators (0.1) can be studied in connection with the notion of r-convergence of the corresponding functionals (0.3) (see [1] , [17] , [3] ).
Let us return to the general case of maps of the class M~ (R") for which the representation (0.2) is not always possible. Let we can replace by c~ + P (S2) in (0 . 4), (0. 5), (0. 6), (0. 7) without changing the G-convergent sequences and their limits.
The main result of this paper is the compactness of the class Mn (R") with respect to G-convergence. Moreover we prove the following localization property: if (ah) G-converges to a, (bh) G-converges to b, and ah (x, . ) = bh (x, . ) for almost every x in an open subset Q' of Q, then a (x, . ) = b (x, . ) for almost every xeQB Finally we determine some subsets of Mn (R") which are closed under G-convergence. This allows us to prove in a unified way the compactness, with respect to G-convergence, of all general classes of linear or nonlinear operators of the form (0 .1 ) which have been considered in the literature.
The notion of G-convergence for second order linear elliptic operators was studied by E. De Giorgi and S. Spagnolo in the symmetric case (see [24] , [25] , [26] , [12] ), and then extended to the non-symmetric case by F. Murat and L. Tartar under the name of H-convergence (see [27] , [28] , and [18] ). We refer to [5] and [23] for the related problem of the homogenization of elliptic equations and to [30] for the extension of the notion of G-convergence to higher order linear elliptic operators.
Vol. 7 , n° 3-1990. The properties of the G-convergence for quasilinear elliptic operators were studied by L. Boccardo, Th. Gallouet, and F. Murat in [7] , [8] , and [6] .
The first results in the nonlinear case (0 .1 ), with p = 2, are due to F. Murat and L. Tartar , who studied (in [20] ) the properties of the G-convergence in a suitable class of monotone operators of the form (0.1), assuming that the maps a are uniformly Lipschitz continuous and uniformly strictly monotone on Rn. The corresponding homogenization results were studied by L. Tartar in [27] and H. Attouch in [2] .
A similar theory of G-convergence for more general classes of uniformly equicontinuous strictly monotone operators was developed by U. E. Raitum in the case 2 _ p ~ +00 (see [22] ). For the corresponding homogenization results we refer to [13] and [14] .
We remark that, in order to include the case (0.2), we do not assume the maps of our class Mn (R") to The following result provides a useful criterion for maximal monotonicity (see [10] , Theorem (3.18) To study the solutions of (2. 5), and in particular their dependence on f and a, we shall give some equivalent formulations of this problem which are used in the sequel. (2. 3) guarantees the existence of a sequence of functions gh E (L9 (SZ))" and of a function g E (Lq (SZ))" such that (up to a subsequence) (gh) converges to g weakly in (L~ (Q))", gh (x) E a (x, Duh (x)) for a. e. x e Q, -div gh = f~, and -div g = f Therefore, it remains to verify that g (x) E a (x, Du (x)) for a. e.
If we show that the set has Lebesgue measure zero, then the maximal monotonicity of a yields g(x)Ea(x, Du(x)) a. e. on Q, which concludes the proof of (c). Proof. -The lemma is a simple case of compensated compactness (see [19] , [29] [u, g] in the topology w x a and the assumption (3. 5) implies g E A cP u, hence (3. 7) . This yields that u is a solution of (3 . 6), being f = -div g.
The converse implication is trivial.
The following result, which will be proved in Section 6, shows the relationship between our definition of G-convergence and that one considered by Ambrosetti and Sbordone in [1] .
Let us denote by p the strong topology in H -1 ~ q (SZ). Finally, let us prove (c). To this aim we apply Theorem 1.9 to E. We prove first that for every cp E (LP (S~))", the set E is non-empty. In the case cp E (LP (SZ))", cp piecewise constant and with compact support on Q, the proof follows easily from the assumption D (B) =5 C~ (SZ) and the definition of dec E. The general case can be obtained by approximation of cp E (LP (Q))" in the strong topology of (LP with functions (cph) of the previous type. In fact, from above it follows that there exists such that Then, the estimate (5 . 3) for E [proved in (b)] implies that (gh) is bounded in (Lq By passing, if necessary, to a subsequence, (gh) converges to function g in the weak topology of (Lq (S2))" and g lies in E (cp); the first assumption of Theorem 1. 9 is so guaranteed. It is clear that for every cp E (LP (S2))" the set E is decomposable and weakly closed in (Lq (~))". Let us prove that E is convex. Fix gl, and te (0, 1). There exists a sequence (Uh) of subsets of n such that 1 ( Uh --~ t and 1 ( ~~Uh --~ (1-t) But the last fact requires that for h large enough, which contradicts our assumption. This implies that E is upper-semicontinuous and concludes the proof of (c).. on Q. But this implies that for a. e. xEM', which contradicts (5 . 9) being M' ~ > o. Therefore, we have to conclude that the set M has Lebesgue measure zero, which guarantees that a (x, . ) is maximal monotone for a. e. x E n. To conclude that a E Mn (Rn) it remains to verify that a satisfies (2 .1 ) and (2. 2), but this is an easy consequence of Lemma 5.3 and of properties (5.3) and (5.4) for E [Proposition 5.6 (b)] . N The following proposition will be crucial in the proof of the localization property considered in the next section.
PROPOSITION 5 . 8. -Let with
Let a and b be two functions of the class and let A and B be the corresponding operators of the class M P). If C ~ A andCB, then a (x, 03BE)=b(x, 03BE) for a. e. x~03A9 and for every 03BE~Rn.
Proof. -It is enough to prove the proposition when B)/=0, since the general case can be obtained easily by translation (Remark 2. 8) .
Let E be the subset of (LP x (Lq (SZ))" defined as in (5 . 
SOME G-CLOSED CLASSES OF OPERATORS
In this section we consider some subsets of Mn (R"), which are closed under G-convergence. These classes are obtained by imposing to the operator a some additional conditions of uniform equicontinuity or strict monotonicity. DEFINITION 7 .1. -Given a non-negative function mE L 1 (n) and two constants a and c, with 0 a _ (p/2) A (p -1 ) and c>0, we denote by U = U (a, c, m) the class of all operators a E Mn (Rn) such that and for a. e. x E n, for every 03BE1, 03BE2 E R" and ~1 E a (x, 03BE1), ~2 E a (x, 03BE2), wherẽ -~ (x, ~1, ~2, ~11, '~ 2) denotes the left hand side of (7.1). DEFINITION 7. 2. -Given a non-negative function mE L 1 (n) and two constants ~3 and c, with and c>0, we denote by S = S (P, c, m) the class of all operators a E Ma (R") such that and for a. e. x~03A9, for every 0 3 B E 1 , 0 3 B E 2 R n a n d 1 a ( x , 03BE1), ~2~a(x, 03BE2), wherẽ -~ (x, ~~, ~2, ~12) denotes the left hand side of (7 .1). REMARK [20] . 
